PROPER HOLOMORPHIC MAPS BETWEEN BOUNDED SYMMETRIC 

DOMAINS REVISITED 



GAUTAM BHARALI AND JAIKRISHNAN JANARDHANAN 

Abstract. We prove that a proper holomorphic map between two bounded symmetric 
domains of the same dimension, one of them being irreducible, is a biholomorphism. Our 
methods allow us to give a single, all-encompassing argument that unifies the various 
special cases in which this result is known. We discuss an application of these methods to 
domains having noncompact automorphism groups that are not assumed to act transitively. 



1. Introduction and statement of results 

The primary objective of this paper is to prove the following result: 

Theorem 1.1. Let Di and D2 be two bounded symmetric domains of complex dimension 
n>2. Assume that either Di or D2 is irreducible. Then, any proper holomorphic mapping 
of Di into D2 is a biholomorphism. 

The above theorem is known in several special cases. For Di = D2 = B", the (Euclidean) 
ball in C", n > 2, the result was established by Alexander [I]. This is a pioneering work that 
has motivated several generalizations to proper holomorphic maps between certain types of 
smoothly bounded pseudoconvex domains. Henkin and Novikov [6j described a method for 
proving the above result when Di = D2 (= D, say) and D is a bounded symmetric domain 
that is not of tube type. About a decade later, Tsai [i8j established the result for Di and 
D2 as above, provided Di is irreducible and rank(Di) > rank(D2) > 2. 

Tsai's result is a broad metric-rigidity theorem (under the Bergman metric) for proper 
holomorphic maps of Di into D2, where Di and D2 are as above but not necessarily equidi- 
mensional. In such a result, the condition rank(L'i) > rank(L'2) > 2 is indispensible. 
Adapting Tsai's ideas to the equidimensional case, Tu [19j established Theorem 11.11 in the 
higher-rank case, assuming Di is irreducible. In using Tsai's ideas, the assumption that 
Di is irreducible is essential — see \19\ Proposition 3.3] — and it is not clear that a small 
mutation of those ideas allows one to weaken this assumption. In our work, we are able to 
assume either Di or D2 to be irreducible precisely by not relying too heavily on the fine 
structure of these domains. Indeed, we wish to emphasize that the focus of this work is not 
on mopping up the residual cases in Theorem 11.11 The methods in [6] (and [20] , on which 
[6] relies), [18] and p!9j are tied, in a rather maximalistic way, to the fine structure of a 
bounded symmetric domain. In contrast, we present some ideas that make very mild use 
of the underlying orbit structure of the bounded symmetric domains. They could therefore 
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be applied to manifolds whose automorphism groups are not assumed to act transitively 
but are merely "large enough". These ideas also allow us to provide a unified argument, 
irrespective of rank or reducibility, for Theorem ll.il 

We need to be more precise about the preceding remarks. This requires some elaboration 
on the objects of interest. A bounded symmetric domain in C" is the holomorphic imbedding 
in C" of some Hermitian symmetric space of noncompact type. It is irreducible if it is not 
a product of bounded symmetric domains of lower dimension. Cartan studied Hermitian 
symmetric spaces of noncompact type and classified the irreducible ones, showing that they 
are one of six types of homogeneous spaces. An outcome of Harish-Chandra's work in [5] is 
that these homogeneous spaces (and products thereof) can be imbedded in C" as bounded 
convex balanced domains (we say that a domain in D C C" is balanced if, for any z € C", 

G C" for each ( in the closed unit disc centered at € C). This imbedding is unique up 
to a linear isomorphism of C". Such a realization of a bounded symmetric domain is called 
a Harish- Chandra realization. 

The three main features that we wish to emphasize about this work are: 

a) The arguments in [ij involve many estimates showing how a proper mapping maps 
conical regions with vertex on dM"' into the "admissible" approach regions of Koranyi 
[lOj . Boundary approach, in a somewhat different sense, plus Chern-Moser theory 
[4] make an appearance in [20j. In contrast, apart from, and owing to, a result of 
Bell [2] on boundary behaviour, our proof involves rather "soft" methods. 

b) The techniques underlying [18] and [19j rely almost entirely on the fine structure 
of a bounded symmetric domain. Specifically, they involve studying the effect of a 
proper holomorphic map on the characteristic symmetric subspaces of a bounded 
symmetric domain of rank > 2. In contrast, our techniques rely on only a coarse 
distinction between the different strata that comprise the boundary of an irreducible 
bounded symmetric domain (e.g., see Remark 14.81 below). 

c) An advantage of arguments that rely on coarse structural features of the bounded 
symmetric domains is that they are potentially applicable to the study domains that 
have noncompact automorphism groups, but are not assumed to be symmetric. A 
demonstration this viewpoint is the proof of Theorem 11.51 below. 

Let D be a bounded symmetric domain. The main technical tool that facilitates our 
study of the structure of dD, and describes certain elements of Aut(-D) with the optimal 
degree of explicitness, is the notion of Jordan triple systems. The application of Jordan 
triple systems to geometry appears to have been pioneered by Koecher [9j. Our reference 
on this subject are the lecture notes of Loos [l3], which are devoted specifically to the 
bounded symmetric domains. Jordan triple systems and versions of the Schwarz lemma are 
our primary tools. We present next an outline of how we use these tools. 

An important lemma, which is inspired by Alexander's work, is the following 

Key Lemma 1.2. Let D be a realization of an irreducible bounded symmetric domain 
of dimension n > 2 as a bounded convex balanced domain in C". For z € -D \ {0}, let 
Az := {Cz : C EC and (z G D}. Let Wi and W2 be two regions in D such that € WinW2 
and let F : D ^ D be a holomorphic map. Assume that: 

i) F maps Wi biholomorphically onto W2 with F{0) = 0. 

ii) There exists a non-empty open set U C Wi\{0} such that, for each z G U , Az C Wi 
and Apf^z) ^ W2. 
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Then, F is an automorphism of D. 

This is a consequence of Vigue's Schwarz lemma [21] (see Result below) . and the irre- 
ducibility of D is essential to the lemma. 

Our proof of Theorem 11.11 may be summarized as follows (we will assume here that Di 
and D2 are Harish-Chandra realizations of the domains in question): 

• By Bell's theorem [21 Theorem 2], F extends to a neighbourhood of Di and we can 
find a point p in the Bergman-Shilov boundary of Di, and a small ball B around 
it, such that F\b is a biholomorphism. 

• We may assume that F{0) = 0. Let {a^} be a sequence in Di Ci B converging to p 
and let := F(afc). Let (jy^, G Aut(L'j) be an automorphism that maps to if 
j = 1, and to 6fc if j = 2. It turns out that both p and F{p) are peak points, whence 
(/)-^ — > p^^^ uniformly on compact subsets, where p^^^ := p and p^'^^ := F{p). 

• Using the Schwarz lemma for convex balanced domains (Result [4. 51 below) we show 
that a subsequence of {(0|)~^ o F o cf)^} converges to a linear map and that, owing 
to the tautness of Di and D2, this map is a biholomorphism of Di onto D2. 

• We may now take Di = D2 = D. We shall use our Key Lemma, with Wi = 
{(pl)~^{D n B) and W2 = ('/'D^H^ n F{B)) for k sufficiently large. 

• Since the analytic discs and Ap(^^-^ are not relatively compact in D, the mode 
of convergence of {(pj.} isn't a priori good enough to infer that appropriate families 
of these discs will be swallowed up by Wj, j = 1,2. By Bell's theorem, each cjyj^ 
extends to some neighbourhood of D. We show that {0'^}, passing to a subsequence 
and relabelling if necessary, converges uniformly on certain special special circular 
subsets of D that are adherent to dD. This is enough to overcome the difficulty just 
described. 

Let us define a term that we used in the sketch above, which we shall also need in stating 
our next theorem. 

Definition 1.3. Let D ^ C" be a domain and let p G dD. We say that p is a peak point if 
there exists a function h G 0{D) nC(D; C) such that h{p) = 1 and \h{z)\ < 1 Vz G !D \ {p}. 
The function h is called a peak function for p. 

When a domain D is bounded, the noncompactness of Aut(-D) (in the compact-open 
topology) is equivalent to D having a boundary orbit-accumulation point; see [15]. 

Definition 1.4. Let D ^ C" be a domain and let p G dD. We say that p is a boundary 
orbit- accumulation point if there exist a point a G D and a sequence of automorphisms {(pk} 
of D such that limi^^ca 0fc(o) = P- 

With the last two definitions, we are in a position to state our second theorem. Note 
that Di is not assumed to be a bounded symmetric domain. Yet, some of the techniques 
sketched above (versions of which have been used to remarkable effect in the literature in 
this field) are general enough to be applicable to the following situation. 

Theorem 1.5. Let Di be a bounded convex balanced domain in C" whose automorphism 
group is noncompact and let p be a boundary orbit- accumulation point. Let D2 be a realiza- 
tion of a bounded symmetric domain as a bounded convex balanced domain in C". Assume 
that there is a neighbourhood U of p and a biholomorphic map F : U ^ C" such that 
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F{U n Di) C D2 and F{U (1 dDi) C dD2. Assume that either p or F{p) is a peak point. 
Then, there exists a linear map that maps Di biholomorphically onto D2- 

Remark 1.6. Theorem 11.51 (together with Bell's theorem [2]) gives a very short proof of 
the rigidity theorem of Mok and Tsai [ll] under the additional assumption that the convex 
domain D in their result is also circular. There is an extensive literature on rigidity theorems 
relating to bounded symmetric domains, but we shall not dwell any further on it. 

Remark 1.7. We remark that a version of the above result holds true without assuming that 
Di is either balanced or convex. Di merely needs to be complete Kobayashi hyperbolic. 
However, in this case, the biholomorphism of Di onto D2 will not, in general, be linear. 
We prefer the above version: the conclusion that there exists a linear equivalence places 
Theorem 11.51 among the rigidity theorems alluded to in Remark 11.61 

The layout of this paper is as follows. Since Jordan triple systems play a vital role in 
describing not just the structure of the boundary of a bounded symmetric domain, but also 
some of its key automorphisns, we begin with a primer on Jordan triple systems. Readers 
who are familiar with Jordan triple systems can skip to Section [Sj where we discuss the 
boundary geometry of bounded symmetric domains. Section H] is devoted to stating and 
proving certain propositions that are essential to our proofs. Finally, in Sections [5] and El 
we present the proofs of the results stated above 



There is a natural connection between bounded symmetric domains and certain Hermitian 
Jordan triple systems. This section collects several definitions and results that are required 
to give a coherent description of the boundary of a bounded symmetric domain (which we 
shall discuss in the next section). 

Unless otherwise stated, the results in this section can be found in the UC-Irvine lectures 
by Loos [13j describing how Jordan triple systems can be used to study the geometry of 
bounded symmetric domains. 

Definition 2.1. A Hermitian Jordan triple system is a complex vector space V endowed 
with a triple product {x, y, z) 1 — > {x, y, z} that is symmetric and bilinear in x and z and 
conjugate-linear in y, and satisfies the Jordan identity 

{x, y, {u, V, w}} - {u, V, {x, y, w}} 

= {{x, y, u}, V, w} — {u, {y, x, v},w} Vx, y, u,v,w € V. 

Such a system is said to be positive if for each x & V \ {0} for which {x, x, x} = Xx (where 
A is a scalar), we have A > 0. 

As mentioned in Section [H a bounded symmetric domain of complex dimension n has a 
realization D as a bounded convex balanced domain in C". Let (z, . . . , Zn) be the global 
holomorphic coordinates coming from the product structure on C" and let (ei,...,e„) 
denote the standard ordered basis of C". Let K£) denote the Bergman kernel of (the above 
realization of) D and ho the Bergman metric. The function {•,•,•} : C"' x C" x C"' — C" 
obtained by the requirement 
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and by extending C-linearly in the first and third variables and C-antihnearly in the sec- 
ond, has the property that (C", {•, •, •}) is a positive Hermitian Jordan triple system (ab- 
breviated hereafter as PHJTS). This relationship is a one-to-one correspondence between 
finite-dimensional PHJTSs and bounded symmetric domains — which we shall make more 
precise in Section [3l 

Let (V^, {•, •, •}) be a HJTS. It will be convenient to work with the operators 

D{x, y)z = Q(x, z)y := {x, y, z}. (2.2) 

We define the operator Q : V ^ End{V) by Q{x)y := Q{x^x)y /2. For any x G F, we can 
define the so-called odd powers of x recursively by: 

x(^) := X and x^^P+i) := Q(x)x(2?'-i) if p > 1. 

A vector e G y is called a tripotent if e^^^ = e. 

Tripotents are important to this discussion because: 

• A finite-dimensional PHJTS has plenty of non-zero tripotents. 

• Given a finite-dimensional PHJTS (F, {•, •, •}), any vector V has a certain canonical 
decomposition linear combination of tripotents. 

• In a finite-dimensional PHJTS, the set of tripotents forms a real-analytic submani- 
fold. 

We refer the interested reader to [131 Chapter 3] for details of the first fact. As for the 
second fact, we need a couple of new notions. First: given a HJTS iV, {•, •, •}), we say that 
two tripotents ei,e2 € V are orthogonal if D(ei,e2) = 0. Second: given x € F, we define 
the real vector space ^ x » by 

<x>:= spanR{x(2p+i) : p = 0, 1, 2, . . . }. 

These two notions allows us to state the following: 

Result 2.2 (Spectral decomposition theorem). Let (y, {•, •, •}) he a finite- dimensional PHJTS. 
Then, each x \ {0} can he written uniquely as 

X = Aiei H V Xse-s (2.3) 

where Ai > A2 > • • • > > and {ei, . . . ,e<j} is a M-hasis of <^x^ comprising pairwise 
orthogonal tripotents. 

The decomposition of x G F as given by Result 12.21 is called the spectral decomposition of 
X. The assignment x 1 — > Ai(x), where Ai(x) is as given by (|2.3p . is a well-defined function 
and can be shown to be a norm on V. This norm is called the spectral norm on V. 

Next, we present another decomposition, which give us the second ingredient needed to 
describe the boundary geometry of a bounded symmetric domain. 

Result 2.3 (Pierce decomposition). Let {V, {•, •, •}) be a HJTS and let e he a tripotent. 
Then, the spectrum ofD{e,e) is a suhset 0/ {0,1,2}. Let 

Vj = Vj{e) ■.= {x€V : D(e, e)x = jx}, j G Z. 

Then: 

a) V = Vo(BVi(BV2. 
h) Ife^ 0, then e G V2. 

c) We have the relation {Va,Vi3,V^} C Va-/3+-y 
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d) Vo,Vi and V2 are Hermitian Jordan subsystems of {•, •, •}. 

The direct-sum decomposition (a) given by the above result is cahed the Pierce decom- 
position of V with respect to the tripotent e. The ideas that go into proving the Pierce 
decomposition theorem allow us to construct a special partial order on the set of tripotents 
of V. In order to avoid statements that are vacuously true, unless stated otherwise, we take 
(y, {•,•,•}) to be a PHJTS. Let e,e' gV be tripotents. We say that e is dominated by e' 
(e ^ e') if there is a tripotent ei orthogonal to e such that e' = e + ei. We say that e is 
strongly dominated by e' (e ~< e') if e ^ e' and e 7^ e' . The result of interest, in this regard, 
is the following: 

Result 2.4. Let (]/,{•,•,•}) be a HJTS. Let 61,62 £ V be orthogonal tripotents and let 
e = 61 + 62- If e' gV is a tripotent orthogonal to e, then e' is orthogonal to ei and 62- 

Now suppose {•,•,•} is positive. Then, the relation < is a partial order on the set of 
tripotents. 

Definition 2.5. A tripotent is said to be minimal (or primitive) if it is minimal for ■< 
among non-zero tripotents. It is said to be maximal if it is maximal for ^. 

Result 2.6. Consider the tripotents ofV partially ordered by ^. 

(1) A tripotent e is maximal if and only if the Pierce space Vo(e) = 0. 

(2) //, for a tripotent e, the Pierce space V2{e) = Ce, then e is primitive. 

Let us now also assume that {V, {•, •, •}) is finite dimensional. Given any non-zero tripo- 
tent 6, it follows from finite-dimensionality and the repeated application of Result [23] that 
6 can be written as a sum of mutually orthogonal primitive tripotents. This brings us to the 
final concept in this primer: the rank of a tripotent e is the minimum number of primitive 
tripotents required for such a decomposition of e while the rank of {V, {•, •, •}) is the highest 
rank that a tripotent of V can have. 

3. The boundary geometry of bounded symmetric domains 

In this section we describe the boundary of a bounded symmetric domain in terms of the 
positive Hermitian Jordan triple system associated to it. Thus, we shall follow the notation 
introduced in Section [2j Recall that a bounded symmetric domain D has a realization 
as a bounded convex balanced domain. When we say "Hermitian Jordan triple system 
associated to D" , it is implicit that D is this realization and the association is the one given 
by (12. ip . This is a one-to-one correspondence, described as follows: 

Result 3.1 ([13]. Theorem 4.1). Let D be a realization of a bounded symmetric domain as 
a bounded convex balanced domain in C" for some n € Z+. Then, D is the open unit ball in 
C" with respect to the spectral norm determined by the PHJTS associated to D. Conversely, 
given a PHJTS (C", {•, •, •}), the open unit ball with respect to the spectral norm determined 
by it is a bounded symmetric domain D, and the PHJTS associated to D by the rule (j2.ip 
is (C", {.,.,.}). 

In what follows, whenever we mention a bounded symmetric domain D, it will be understood 
that D is a bounded convex balanced realization. 

The boundary of a bounded symmetric domain D C C" has a certain stratification into 
real- analytic submanifolds that can be described in terms of the PHJTS associated to D. 
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The first part of this section is devoted to describing this stratification. Fix a bounded 
symmetric domain D C and let (C", {•, •, •}d) be the PHJTS associated to it. It turns 
out (see [13[ Theorem 5.6]) that the set Mo of tripotents of C" with respect to {•, •, •}d is 
a disjoint union of real-analytic submanifolds of C". For each e G M^, let iW^o^e denote the 
connected component of Mo containing e. The tangent space Te{MD^(,), viewed extrinsically 
(i.e., so that e + Te(M/)^e) is the affine subspace of all tangents to Mjj^^ at e), is: 

Te{MD,e) =iA{e)(BVi{e), 

where A{e) is determined by the relation V2(e) = {x + iy S C" : x, y e A{e)}, and Vj{e) is 
the eigenspace of j = 0, 1, 2 in the Pierce decomposition of C" with respect to e. 

Let be the set of all non-zero tripotents and let || • Wd denote the spectral norm 
determined by {•,-,-}d- Define 

Ed := {{e,v) G C" x C" : e G and v G Vb(e)}, 

:={{e,v)eED:\\v\\D<l}. 

We can write 5Sd disjoint union of the form 

"Bd := \J'BD,a, (3.1) 

where C is the set of connected components of M^, and each ^D,a is a connected, real- 
analytic submanifold of C" x C" that is a real-analytic fibre bundle whose fibres are unit 
II • ||£)-discs. The key theorem about the boundary of D is as follows: 

Result 3.2 ([13J, Chapter 6). Let D be a bounded symmetric domain in and let f : 
53^) — 7> C" be defined by f (e, v) := e + v. Then: 
i) f |<Bd a ^■^ imbedding for each a (z C; 
a) dD = UaecMD,a, where Mo^a ■= fi^D,a); 

Hi) in the above stratification of dD, if A4D,a is of dimension da, then it is a closed, 
connected, real-analytic imbedded submanifold of the open set 

^■.dim^{MD,0)<da 

Furthermore, when D is an irreducible bounded symmetric domain in C", then we can 
provide further information. Here, the rank of a bounded symmetric domain is the rank of 
the Jordan triple system (C", {•,•,•}£>). 

Result 3.3 (|13], Chapter 6; [21J, Theoreme 7.3). Let D be an irreducible bounded sym- 
metric domain in C" of rank r, and let C denote the set of connected components of 
Then, we have the following: 

i) C has cardinality r. 

ii) Each connected component of the decomposition ()3.ip is a bundle over a submanifold 
of non-zero tripotents of rank j, j G {1, . . . , r}. Denoting this bundle as ^D,j, j £ 
{1,2,... ,r}, we can express the stratification of dD given by Result [3^ (ii) as 

r 

dD=l\MD,j, 
where Mdj '■= ^i^Dj), o-nd each J^dj is connected. 
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in) The stratum J^d,i is dense in dD. 

The other goal of this section is to describe the structure of the germs of complex-analytic 
varieties contained in the boundary of a bounded symmetric domain D. This structure can 
be described in extremely minute detail; see, for instance, [22] by Wolf. In fact, the papers 
about higher-rank bounded symmetric domains mentioned in Section [1] make extensive use 
of this fine structure. However, in this work, we only need very coarse information about the 
complex analytic structure of dD; specifically: the distinction between the Bergman-Shilov 
boundary of D and its complement in dD. 

We denote the Bergman-Shilov boundary of D by dsD. We shall not formally define 
here the notion of the Shilov boundary of a uniform algebra; we shall merely state that 
the Bergman-Shilov boundary of a bounded domain D ^ C" is the Shilov boundary of 
the uniform algebra A{D) := 0{D) riC{D). However, we do carefully state the following 
definition: 

Definition 3.4. Let D be a bounded domain in C". An affine dD-component is an equiv- 
alence class under the equivalence relation ~yi on dD given by 

X ~yi y X and y can be joined by a chain of segments lying in dD, 

where a segment is a subset of of the form {u + tv : t € (0, 1)}, u,v & C". A holomorphic 
arc component of dD is an equivalence class under the equivalence relation on dD given 
by 

X y <J=^ X and y can be joined by a chain of analytic discs lying in dD. 

Roughly speaking, given a bounded domain D d and a point x £ dD, the holomorphic 
arc component of dD containing x is the largest (germ of a) complex-analytic variety lying 
in dD that contains x. The information that we require about holomorphic boundary 
components is: 

Result 3.5 ([l3]. Theorem 6.3). Let D be the realization of a bounded symmetric domain 
as a bounded convex balanced domain in C". 

i) The affine dD-components and the holomorphic arc components of dD coincide, 
ii) A boundary component containing a point x € dD is a non-empty open region in 
some C- affine subspace of positive dimension passing through x unless x is a maximal 
tripotent. 

Finally, we mention the following description of the Bergman-Shilov boundary of a 
bounded symmetric domain: 

Result 3.6 ([13], Theorem 6.5). Let D d C" be as in ResultlEE The Bergman-Shilov 
boundary of D coincides with each of the following sets: 

i) the set of maximal tripotents of with respect to {•,-,-}d; 
ii) the set of extreme points of D; 

Hi) the set of points of D having the maximum Euclidean distance from G C". 
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4. Some essential propositions 

This section contains several lemmas and propositions — some being simple consequences 
of known results, and some requiring substantial work — that will be needed to prove our 
theorems. We begin with the following result of Bell: 

Result 4.1 ([2], Theorem 2). Suppose f : Di ^ D2 is a proper holomorphic map between 
bounded circular domains. Suppose further that D2 contains the origin and that the Bergman 
kernel K{w,z) associated to Di is such that for each compact subset G of Di, there is an 
open set U = U{G) containing Di such that K{-,z) extends to be holomorphic on U for 
each z G G. Then f extends holomorphically to a neighbourhood of Di. 

Now let D be any bounded balanced domain (not necessarily convex) in C". If D is not 
convex, it will not be a unit ball with respect to some norm on C". However, we do have 
a function that has the same homogeneity property as a norm, with respect to which D is 
the "unit bah". The function Md : C" ^ [0,oo) defined by 

Md{z) := mf{t >0: z/teD} 

is called the Minkowski functional for D. Let G be a compact subset of D. Then, as D 
is balanced, there is a number re G (0, 1) such that G C {z G C" : Md[z) < re} and the 
latter is an open set. Hence z/rc £ D Vz & G. And, of course, tgw G D \fw € {z € C" : 
Md{z) < l/rc} =■ U{G). Let Kd be the Bergman kernel of D. We recall that: 

Kd{w, z) = ^ '4jy{w)'4ju{z) y{w, z) e D X D, 

1/GN 

where the right-hand side converges absolutely and uniformly on any compact subset of 
D X D and {ipu}u£'N is any complete orthonormal system for the Bergman space of D . 
Then — owing to the fact that the collection {GaZ°' : a G N"} (where Cq > are suitable 
normalization constants) is a complete orthonormal system for the Bergman space of -D — 
we can infer two things. First: the functions 

(p.iw) := KD{rGW,z/rG), w £ U{G), (4.1) 

are well-defined by power series for each z £ G. Secondly: 

KD{rGW, z/rc) = K£){w,z) y{w,z) £ D x G. 

Comparing this with (j4.ip . we see that each (pz extends Koi-jz) holomorphically. In view 
of Result 14.11 we have just deduced: 

Lemma 4.2. Let / : Di — )■ D2 be a proper holomorphic between bounded circular domains. 
Suppose Di and D2 are both balanced. Then f extends holomorphically to a neighbourhood 
ofDi. 

We remark that the above conclusion also follows from a later work [3] of Bell. 

Let D be a bounded symmetric domain in C". Let (C", {•, •, "Id) be the Jordan triple 
system associated to D (as in other places in this paper, we assume that D is a Harish- 
Chandra realization). Let Dd and be the maps (|2.2p for the triple product {•,•,•}/). 
We define the linear operators B£)(a;,y) : C" C": 

Bb(x, y) := \Ad - Dd(x, y) + Q{x)Q{y), x,y e C". 
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Consider the sesquilinear form (x, y) i — > Tr[D£)(x, y)] on C". It turns out that the positivity 
of {•, •, is equivalent to the above sesquihnear form being an inner product on C"; see 
[131 Chapter 3]. Furthermore with respect to this inner product, we have: 

BD{x,yr= BD{y,x) yx,yGC^. 

It is now easy to deduce that Boia, a) is a self-adjoint, positive semi-definite linear operator. 
Consequently, B£)(a, a) admits a unique positive semi-definite square root, which we denote 
by B£)(a, a)^/^. Having made these two definitions, we can state the following useful facts 
about the geometry of D. 

Result 4.3 ([131, Proposition 9.8; [16], Proposition III. 4.1). Let D be the realization of a 
bounded symmetric domain as a convex balanced domain in C". Fix a point a £ D and let 

ga{z) := a+BD{a,a)^/^{:\6D + ^D{z,a)y^{z) ^z £ D. 

Then, Qa G Ant{D), ga{0) = a, and g'^{z) = 6/5(0, a)-*^/^ o B£)(z, —a)~^. Furthermore, 

9a^ = 9-a- 

Various versions of the following lemma have been known for a long time. We refer the 
reader to [17, Lemma 15.2.2] for a proof. 

Lemma 4.4. Let D be a bounded domain in C" and let p € dD. Assume that there exists 
a ball B centered at p and a function h G 0{B n D) fl C{B n D] C) such that h[p) = 1 and 
\h{z)\ < 1 yz £ B D D \ {p}. Let ao £ D and {(j)k} be a sequence of automorphisms of D 
such that 4>k{0'o) — > p as k ^ 00. Then, {(pk} converges uniformly on compact subsets of 
D to constp — the map that takes the constant value p. 

We now state a version of Schwarz's lemma for convex balanced domains and then a 
version of Schwarz's lemma for irreducible bounded symmetric domains, both of which are 
needed in the proof of our Key Lemma (see Section [1]) . 

Result 4.5 ([17J, Theorem 8.1.2). Let Qi and ^2 be balanced regions in C" and C" re- 
spectively, and let F : Qi be a holomorphic map. Suppose is convex and bounded. 
Then: 

i) F'{0) maps 0,i into 0,2; and 
ii) F{rni) C r02 (0 < r < 1) if F{0) = 0. 

Result 4.6 ([2IJ, Theoreme 7.4). Let D be an irreducible bounded symmetric domain in 
C" in its Harish- Chandra realization (whence it is the unit ball in C" for the associated 
spectral norm \\ • \\). Let F : D D be a holomorphic map such that F(0) = 0. Assume 
that for some non-empty open set U C D, we have ||-F(2:)|| = ||2;|| Vz G U. Then F is an 
automorphism of D. 

With these two results, we can now give a proof of our Key Lemma: 
The proof of the Key Lemma. Let z £ U, and set w := F{z). By hypothesis, F maps 
into D and (F\w,)~ maps A^, into D. Applying Result [^5] to F\/^ and to (F\w,)~ I . , 
we have ||-F(2;)|| = ||z|| for every z £ U. Thus by the Schwarz lemma for irreducible bounded 
symmetric domains, F is an automorphism of D. □ 

We now state and prove a technical proposition regarding the invertibility of the op- 
erator B/) at certain off-diagonal points in dD x dD, where D is an irreducible bounded 
symmetric domain of dimension > 2. Here A4d,i denotes the stratum of dD described by 
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Result 13.31 This result and our Key Lemma are the central ingredients in the proof of our 
Main Theorem. 

Proposition 4.7. Let D be the realization of an irreducible bounded symmetric domain of 
dimension n as a bounded convex balanced domain in C^, n > 2. Let p G dD. For each 
zq G M.d,i o,nd each AiD,i-open neighbourhood U B zq, there exists a point w £ U such 
that det B£){-,p) is non-zero on the set {(w : ( G C,\C\ = 1}. 

Remark 4.8. In the following proof, we argue by assuming that the conclusion above is false. 
We can instantly arrive at a contradiction at the point (•) in the proof below if we invoke 
results on the fine structure of dD; see [11] or [22], for instance. However, we provide 
an elementary argument beyond (•) to complete the proof in the hope that appropriate 
analogues of the above may be formulated in other contexts. 

Proof. Let us denote det B£i{z,p) as h{z), where z £ C". Let us assume that the result is 
false. Then, there exists a point zq G A^d,i and an A^zj.i-open neighbourhood U 3 zq such 
that for each w € U, there exists a G {C G C : |C| = 1} with h{(ww) = 0. Let q denote 
the quotient map g : C" \ {0} ^ CP""^ Also write 

Zh:=h-^{0}, Z:=ZhnMD,i. 

Our assumption implies that q{Z) contains a non-empty open set V C CP"^^. Let A := 
{z G C" : 1 — e < ll^ll < 1 + e}, where || • || denotes the spectral norm relative to which D is 
the unit ball, and e is a fixed number in (0, 1). As V C q{A), it is easy to see that V can be 
covered by finitely many holomorphic coordinate patches (C/i, -^i), . . . , (Umj^Pm) such that 
the maps 

are Lipschitz maps. Since Lipschitz maps cannot increase Hausdorff dimension (see [17^ 
Proposition 14.4.4], for instance) and dimiR(V) = 2n — 2, the preceding discussion shows 
that the Hausdorff dimension of Z (and hence the dimension of Z as a real-analytic set) is 
2n — 2. As Zfi is a complex analytic subvariety, its singular locus is of complex dimension 
< n — 2. Thus, we can find a point xo G Z that is a regular point of Zh, and an open ball 
B around xq that is so small that 

• ■Md,i n -B is a submanifold of B; 

• 5 n Z/j is an (n — l)-dimensional complex submanifold of B; 

• the dimension of i3 H Z is 2n — 2. 

These three facts imply that M := B n Z^ C Md^i. We can deduce this by considering a 
local defining function : i? — >• M for Md i st-nd observing that, by Lojasiewicz's theorem 
[S], PbIm^O. 

Since A^d,i is a real-analytic submanifold of C" \ \_\j>2-^D,j, where Mdj are the 
strata of dD discussed in Section [3l we can define the Levi-form of A^d,i — denoted by 
2,{z,V), z G Md,i, V G Hz{Md,i)- a few words about notation: in this proof, we shall 
work with the tangent bundle of A4d,i defined extrinsically. So, when referring to vectors 
in Tz{Md,i), we shall view them either as real or as complex vectors, as convenient, such 
that z + Tz{M.D,i) is the hyperplane tangent to M.d,i at z G Md,!- In this scheme: 

H,{Md,i) := T,{Md,i) n iT,{MD,i)- 
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As dimc(M) = n - 1, £(2;, •) = Vz G M. The curve 7 : (-e,e) ^ (for e > 

suitably small) 7(t) := exp(it)z is transverse to M at z. This is because if 7'(0) = iz were 
in Hz{Md,i), then 

iy(o) = -z G H,{MD^) c r,(>iD,i), 

which contradicts the convexity of D. Consequently, for £q > Q sufficiently small, the set 
{exp(zt)2; : t G (— eo) ^0)1 ^ S M} contains an A^£)^i-open neighbourhood of xq. Thus, M.d,i 
is Levi-flat at xq. As A^z),i is real-analytic, it is a Levi-flat hypersurface. 

We shall now show that Levi-flatness of A4d,i leads to a contradiction. Let us pick an 
X G A4d,i- Owing to Levi-flatness, we can find a ball Bx, centered at x, such that 

D-:=DnBx, Dt:=Bx\D 

are both pseudoconvex. Let rix denote the unit outward normal vector to dD at a; (a; G 
■M.D,i)- Owing to convexity of D, we can find an eo > and a > such that 

Hx{eQ\ 5):=x + 5nx + {F G Hx{Md,i) ■ \V\ < eo} C D+ 

for each 6 G {0,6o). Here, | • | denotes the Euclidean norm. As Hx{eo;6) is a copy of a 
complex (n — l)-dimensional ball and as is taut — see [Tj Proposition 2.1] — it follows 
that Hx{eo;0) C 7W_d,i- To summarize, Mda has the following property: 
(•) At each x G ^AD,l, a germ of the set (x + Hx{M.d,i)) lies in Md,!- 

Let us now pick and fix a point G A4d,i- Let (zi, . . . , z^) be global holomorphic coordi- 
nates in C^, associated to an appropriate rigid motion of D, such that = (0, . . . , 0), D C 
{Rezi > 0} and Hyo{^AD,l) = {zi = 0} relative to these coordinates. Let W he a non-zero 
vector in Hyo{A4D,i) and let D]y := D n spanj-{VF, n^o}. Clearly, D]y is convex and by (•) 
Md,i ri spaUf^lW, Uyo} =: ^Aw has the property that for each point y G the germ of 

a complex line through y, call it Ay^w, hes in A^vK. Let us view D]^ as lying in C^, whence 
a portion of A4w near (0, 0) can be parametrized by three real variables as follows: 

r{t,u,v) = p{t) + a{t){u + iv), |t| < ei, |n|, \v\ < £2, 

where p : (— ei,ei) — > M^w is a smooth curve through (0,0) such that p'{t) is orthogonal to 
^p{t),w for each t, and a : (— ei,ei) is such that a{t) is parallel to Ap^^-jj^/ for each t. 

For the remainder of this paragraph, n{t, u, v) will denote the inward unit normal to dDw 
at r{t,u,v), and • will denote the standard inner product on M'^. Define the matrix-valued 
function T : (-ei,ei) x (-£2,^2)^ R^^^ by 

r{T,U,V) := Hesst,u,v {r{t,u,v) • n{T,U,V))\(^^^^^^^^^^^^y^ . 

The convexity of D\y implies that r(r, U, V) is positive semidefinite at each (r, U, V) (recall 
that n(r, U, V) is the inward normal at r(r, U, V)). By choosing ei, £2 > small enough, we 
can ensure that (n^ -|- n2){t, u,v) 7^ for every [t, u, v), where we write n = (n-i, 722, ns, 714), 
and that a is of the form a{t) = {a{t) + il3{t), 1). We compute to observe that two of the 
principal minors of F turn out to be — (nio' + n2/3')^ and —(7120' — ni/3')^, which must be 
non-negative. This gives us the system of equations 

Tiia' + n2l3'\^^^jjy.^ = 

-ni/3' + n2a\^^^jjy^ = V(r, C/,F). 

By our assumption on n, this implies that a' = /3' = 0. Restating this geometrically, there is 
a small A^vi^-open neighbourhood of G dD\Y such that, for every y in this neighbourhood. 
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Ay^VK is parallel to the vector W. This holds true for each non-zero W E Hyo{A4D,i)- Thus, 
there is an ^A £)^i-open patch uj 3 such that 

X + Hx{A4d,i) is parallel to {zi = 0} for every x E w. (4-2) 

By Result 13.31 7W_d,i is connected. Thus, ii ^ y £ -Md,!, then y can be joined to 
by a chain of AioA-open patches loq, . . . ,ujn, where equals the patch u in (j4.2p . 
^j-ij n 7^ 0, j = 1,...,A'', and lon 3 y- By a standard argument of real-analytic 
continuation, we deduce that (|4.2p holds with w^r replacing oj (where zi comes from the 
global system of coordinates fixed at the beginning of the previous paragraph). Hence, 
X + Hx[Md,i) is parallel to {zi = 0} for each x G M.d,i- As J^d,i is dense in dD, and D is 
bounded, we can find a. £ D and a vector W = (VFi, . . . , Wn) with W^i = such that the 
ray {i + tW;t > 0} intersects dD at a point in Md,i- Then, this ray must be tangential 
to A4d,i at the point of intersection, which is absurd as D is convex. Hence, our initial 
assumption must be false. □ 



5. The proof of Theorem 11.11 

Before we proceed further, we clarify our notation for the different norms that will be 
used in the proof of Theorem ll.il With Di and D2 as in Theorem II .H || • \\j will denote the 
spectral norms such that Dj is the unit || • ||j-ball in C",j = 1,2. The Euclidean norm on 
will be denoted by | • |. We will also need to impose norms on certain linear operators 
on C". We shall use the operator norm induced by the Euclidean norm: for a C-linear 
operator A on C^, we set 

ll^llop := sup 1^4x1. 

The proof of Theorem 11.11 We shall take Di and D2 to be Harish-Chandra realizations 
of the given bounded symmetric domains. We may assume, composing F with suitable 
automorphisms if necessary, that F{0) = 0. 

By Lemma 14.21 F extends to a holomorphic map defined on a neighbourhood N of Di. 
For simplicity of notation, we shall denote this extension also as F. The complex Jacobian 
^accF is holomorphic on and Jac^F ^ on Di. Hence, by the maximum principle, 
^accF ^ on dDi. By definition, we can find a point p € dsDi such that 

sup|JaccF| = [JaccF(p)| / 0. 

By the inverse function theorem, we can find a ball B(p,r) C A^ such that -F|B(p,r) is 
injective. Let us write 

ni:=B{p,r)nDi, ^2 ■= F{B{p,r)) n D2. 

We shall use our Key Lemma (see Section [H and Section d] for its proof) to deduce the 
result. The regions Wi and W2 of that Lemma will be constructed by applying suitable 
automorphisms to and ^2- 
Claim. F{p) G dsD2. 

Suppose F{p) dsD2- It follows from Result 13.51 and Result 13.61 that there is a vector 
y G C" \ {0} and neighbourhood a; of G C such that ^(w) C F{B{p,r)) n dD2, where 
V' : w 9 C I — > F{p) + Cy- Next, define 

■0 := (-^b(p,r))"^ ° V'- 
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Since -F|_Di is proper and -F|_B(p,r) is injective, 

F{z) e F{B{p,r))ndD2 z e B{p,r) D dDi. 

Thus ip{uj) C dDi. Furthermore, ip is non-constant and V'(O) = P- By definition, each 
point of ip{uj) \ {p} hes in the holomorphic arc component of dDi containing p. This is 
a contradiction since p, being an extreme point, is a one-point affine SDi-component and 
thus, by Result [331 a one-point holomorphic arc component of dDi. Hence the claim. 

Let us now take a sequence {ak} C ili such that — )• p, and let bk := F{ak)- Let 
(pj. G Aut(Di) denote an automorphism that maps to a^. Let cpf, € Aut(L'2) be an 
automorphism that maps to 6fc . Owing to Result 13.61 and to convexity, we can construct 
a peak function for p on Di. Likewise (in view of the last claim) F{p) is a peak point of 
D2- By Lemma \AA\ we get: 

(pl, — > constpi uniformly on compacts, j = 1,2, (5-1) 

where p' ,p^ := p^p^ := F(jp). 
We now define 

Given any r > 0, write rDj := {z S C" : ||2;||j < r}, j = 1,2. By ()5.ip . there exists a 
sequence ki < k2 < < . . . in Z+ such that 

((1 - l/s)Di) cniViyys, se z+. 

By ()5.ip again, we can extract a sequence of indices z^(l) < z^(2) < z^(3) < . . . such that 

(t>l^^^ ((1 - l/s)D2) C Vt > s, 5 € Z+. 

In the interests of readability of notation, let us re-index {A;,^(s)}sgz+ as {krn}rnei+- Then, 
the above can be summarized as: 

(*) With the sequences of maps {0^} C Aut(Di) and {(pf.} C Aut(L'2) as described 
above, there is a sequence {km}mez+ C Z+ and a strictly increasing Z+-valued 
function i/* such that 

(1 - l/s)Di C 17^™ Vm > s, s € Z+, (5.2) 
(1 - 1/z^*(s));D2 C l^s" Vm > s, s G Z+. (5.3) 

Step 1. Analysing the family {(^^ )~^ o F o cj)^ }mGZ+ 
Consider the maps Gm : Di ^ D2 defined by 

Gm ■■= {ct>lj~^ o F o cg^. 

By Montel's theorem, and passing to a subsequence and relabelling if necessary, we get a 
map G S 0{Di; C") such that Gm — G uniformly on compact subsets. Let us fix an s G Z+. 
By (*), we infer that 3Ms € Z+ such that (1 - l/s)Dj C Vm > M^, j = 1, 2. Note that 
Gml^fcrn is a biholomorphism, whence G^(0) is invertible for each m. Hence, by the Schwarz 
lemma for convex balanced domains (i.e. Result H3] above) G^(0) maps (1 — l/s)Di into 
D2 and G^(0)~^ maps (1 — l/s)D2 into Di Vm > M^. We claim that this implies that 
G'(0) is invertible. Suppose not. Then we would find a zq with ||zo||i = (1 ~ 2/s) such that 
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G'{0)zq = 0. Note that 6*^(0) G'{0) in norm, whence, given any e > 0, |lG^(0)zo||2 < £ 
for every sufficiently large m. If we now choose e < (1 — we see that 

G'^iO)-' ({||^||2 = (l-2/.)})^^i?i 

for all sufficiently large m. This is a contradiction. Hence the claim. 

Now that it is estabhshed that G'{0) is invertible, it follows that G'^{0)-^ G'(0)"^ 
in norm. Hence, G'{0)~^ maps (1 — l/s)I?2 into Di. Recall that s G was arbitrarily 
chosen and that the function u* in (*) is strictly increasing. Thus, G'{0)~^ maps D2 into 
Di. By construction, G{Di) C D2- Now, D2 is complete (Kobayashi) hyperbolic. Hence 
D2 is taut; see [8]. As G(0) = G D2,G maps Di to D2. So, the holomorphic map 
G'{0)^^ o G : Di ^ Di satisfies all the conditions of Cartan's uniqueness theorem. Thus, 

G'ior^ oG = \dD„ 

which means that G = G'{0)\di- 

Step 2. Showing that Di and D2 are biholomorphically equivalent 

We have shown in Step 1 that G'(0)~^ maps (1 — l/s)D2 into Di. As G'(0) is injective, this 
means that G'{0){Di) contains (1 — l/s)D2 for arbitrarily large s G Z+. Thus G maps Di 
onto 1^2 • It follows that Di is biholomorphic to D2. 

It would help to simplify our notation somewhat. By the nature of the argument in 
Step 1, it is clear that we can assume that the sequences {a^} C f^i and {bk} C O2 are 
so selected that (*) is true with {km}mez+ = {1)2,3, . . . }. Owing to Step 2, we may now 
assume Di = D2 := D. The argument we will make in Step 3 below is valid regardless of 
the specific sequence {ofc} or {bk}- Hence, in the next three paragraphs following this, the 
sequence {^fc} will stand for either {a^} or {5^}, and the point q will stand for either p or 
F{p). Also, we will abbreviate 0'^^ to (f)k- 

Step 3. Producing subsequences of {(/)k} that converge on "large" subsets ofdD. 
By Result 14.31 we may take (pk = dA^ , whence 

^'.(z) = BDiAk,Ak)'/^ o BDi-z,Ak)-\ (5.4) 

In the argument that follows, it is implicit that each (pi^ is defined as a holomorphic map on 
some neighbourhood (which depends on (f)^) of D; see Lemma l42l By Proposition 14.71 we 
can find a point ^0 £ Md,i such that 

detBi5(e^^^o,^) / V6' G M. 

By continuity, there exists a D-open neighbourhood T of q, an A4£)^i-open neighbourhood 
W of ^Oi and a D-open set V with the following properties: 

(a) z£V ^ e'^z G y V0 G M; 

(b) V ^dB = S^ - W; 

(c) z G y ^ G y G [l,l/|k||] 

(now II • II is the spectral norm associated to D); such that 

detBD(z,w) / V(z,u;) G F X r. (5.5) 

Here, given a set X C C", 5"*^ • X stands for the set {e*^x : x G X, G M}. Let us call any 
pair (y, ly), where y is a D-open set and W is an A^_D,i-open set, a truncated prism with 
base • W if {V,W) satisfies properties (a)-(c) above. 



16 GAUTAM BHARALI AND JAIKRISHNAN JANARDHANAN 

We can find V and W, with W C W, such that {V, W) is a truncated prism with base 
• W with the properties: 

• V^CV; 

• There exists a 5o <^ 1 such that for zi,Z2 € V, the segment [2;i,2;2] C V whenever 
\zi - Z2\ < 5o- 

Owing to holomorphicity and convexity, 

(t>k{zi) - (t>k{z2) = / (P'k {Zl + t{z2 - Zl)) {Z2 - Zi)dt, Zi,Z2 € D. (5.6) 

Jo 

We can find a K = K{W) such that, in view of ([53]), {BD{z,Ak) : k > K{W), z eV} is a 
compact family in GL{n,C). Hence, in view of (j5.4p (and since {Bd^A/., A/.) : k € is 
a relatively compact family in C"^"), there exists a constant C > such that 

\Wk{z)\\op < cyzev, yk>K. 

By our construction of V, and from (j5.6|) . we conclude: 

|</'fc(-zi) - '^fc(-22)| < C\zi - Z2\ yzi,Z2 G V, \zi - Z2\ < 5o, and VA: > iiT. 
In short, {(/'fcl^Tr} C C(y;C") is an equicontinuous family. 

By the Arzela-Ascoli theorem, we can find a subsequence of {(pk} that converges uniformly 
to q on v. For simplicity of notation, let us continue to denote this subsequence as {(pk}- 
Then there exists a Ki G Z_|_ such that (pkiV') C (which denotes either fli or Q2) VA; > Ki. 
Furthermore, we may assume that Ki is so large that, thanks to (*), 

{i-i/s)D C(f>,:\n) yk>Ki, 

where s is so large that (1 — l/s)D n y is a non-empty open set. By construction: 

zeV'nD =^ C (1 - l/s)D U v. 

Hence A, C (p^^in) Vk > Ki. We summarize the content of this paragraph as follows: 

(**) Given any truncated prism {V, W) with base • W such that B£){z,Ak) ^ on V 
for all k sufficiently large, we can find a Ki € and a truncated prism (y',W') 
with W CV such that C (p'j^^i^) for each z eV OD and each k > Ki. 

Step 4. Completing the proof. 

By Proposition 14.71 and (**), we can find a truncated prism {V', W) with base S"^ -W which 
has all the properties stated in (**). Let s € Z+ be so large that (1 — 1/ s)D n V := U' 
is a non-empty open set. As Gfc — )■ G uniformly on U' (by Step 1), there exists a point 
€ G{U'), K2 G Z+ and a c > such that the ball 

B{wQ,c) C G(C/') n Gfc(f^') and B{wq,c) C J]^' VA: > K2. 

Write II • II for the spectral norm associated to D. Let R : C" \ — > dD be given by 
R{w) := w/||t(;||. By Proposition 14.71 and (**), we can find a A^/j^i-open subset a;2 such 
that 

UJ2 C R{B{wo,c)), 

a truncated prism (V2,i^2) with base • C02, and a ii's € Z_|- such that A^ C il^ 
each w G 1^2 n D and each k > K^. Let us now set U := G^^ [R^^{uj2) n -B(ti;o,c)), and 
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K* := max(i^i, -ftTs). Finally, we set 

with the understanding that (pj, = ga^. and cpf, = g^^ . 
As U C V, Az C Wi for each z £ U. By construction 

Gk'{z) G B{wo,c) cW2 Vz G U. 

Finally, by construction, for each z £ U, there exists a point Wz G Ag^, that belongs to 
V2 n D. Thus, Aq^^(^z) C W2- Recall that Gk'Iwi ' ^1 ~^ ^2 is a biholomorphism and 
Gk* (0) = 0. By our Key Lemma, Gk* , and consequently F, must be a biholomorphism. □ 

6. The proof of Theorem 11.51 

As p is an orbit accumulation point, there is a point oq G -Di and a sequence {0fc} C 
Aut(Z)i) such that 0fc(ao) — ^ Regardless of whether p is a peak point or F{p) is a peak 
point, let us denote the relevant peak function as H. Let B denote a small ball centered 
at p, with i? (E f/, if p is a peak point, and centered at F{p), with B d F{U), if -F(p) is 
a peak point. Depending on whether p or F{p) is a peak point, set G := F~^ or G := F, 
respectively. Finally, set 

^ \ H o G\ ^^jy^ , if p is a peak point, 

]Ho G\ q^^_^ , if F{p) is a peak point. 

By our hypothesis on F, it follows that h satisfies all the conditions required of the function 
h in Lemma 14.41 for the appropriate choice of {D,p) depending on whether p or F{p) is a 
peak point. 

Let us now denote the automorphisms discussed above as (pl., k = 1,2,3,... Then, 
using H or the function h constructed above, depending on whether p or F{p) is a peak 
point, we deduce by Lemma 14.41 that (pl. — > constp uniformly on compact subsets of Di. 
Set Ofc := (/>fc(0)- Ofc — )• p, we may assume without loss of generality that G U. Let 
bk '■= F{ak), and let (pf, G Aut(-D2) be an automorphism that maps to bk (which is possible 
as Aut(L)2) acts transitively on D2). Repeating the above argument, 0| — > const^(p) 
uniformly on compact subsets of D2- We have arrived at the same result as in ()5.ip . 
Thereafter, if we define 

where ili := U and ^2 := F{U), then, reasoning exactly as in the passage following (|5.ip . 
we deduce that (*) from Section holds true for our present set-up. 

With {km} r?iGZ+ as given by (*), let us define the maps 

Gm : f^t'" ^ f^s'" by 

Gm ■■= {4j''oFocPl^. 

By construction, each Gm is a biholomorphic map. In particular, 

Gm{0) = 0, and G'm{0) G GL(n,C). (6.1) 

We may assume, owing to ()5.ip . that the sequences {^2^'"}m.gz+ are increasing sequences. By 
Montel's theorem, and arguing by induction, we can find sequences {Gi^m} and holomorphic 
maps F/ : — )■ D2 such that: 
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• {Gi,m}mez+ is a subsequence of {G^}„(zz+ and {G/+i,m}mGZ+ is a subsequence of 

{G';,i/}z/eZ+; 

mio'""! — ^ Ti, as m — y oo, uniformly on compact subsets of ^i", 

for Z = 1, 2, 3, . . . Owing to this construction, the rule 

T{z) := Ti{z) ifzG 1^^', 

gives a well-defined holomorphic map T : Di — t- D2. 

Let us define Hi := Gi^i. Now suppose T{Di) n dD2 ^ 0. Then, 3^ € Di such that 
r(^) G (9D2. Let M e Z+ be so large that nl"' 3 S,. As D2 is a bounded symmetric 
domain, it is taut. Thus, by focusing attention on the sequence 

{Hi\^,,, : / = M, M + 1, M + 2, . . . } C Z?2), 

we must conclude, by assumption, that T{n'l'") C 5L>2- But, by I^Jij, T{0) = ^ dD2. 
This is a contradiction, from which we infer: 

(a) The range of L is a subset of D2- 
Now observe that, by (*), we have: 

(b) The sequence {Hi : I = s,s + l,s + 2, . . .} converges uniformly to F on (1 — 
s G Z+. 

(c) maps to and {l-l/u*{l))D2 into Di (since dom{Hf^) = range(i7;) ^ l^a')- 
In view of (j6.ip and the fact that Di and are balanced, (a)-(c) are precisely the ingredi- 
ents required to to repeat the argument in Step 1 of the proof of Theorem 11.11 to infer that 
r'(0) is invertible, r'(0)-i : D2 ^ -Di and 

r'(o)-ior = idz),. 

Thus, by (a), r'(0)(Di) C D2. One of the consequences of repeating the argument 
contained in Step 1 in Section [TT] is. in view of (c), that r'(0)~^ maps (1 — l/u*{l))D2 into 
D2 for every I € Z^_. As i/* is strictly increasing and Z^^-valued, and as r'(0) is injective, 
this means that r'(0)(-Di) contains (1 — l/s)-D2 for arbitrarily large s € Z+, whence r'(0) 
maps Di onto D2. Hence, r'(0)|£)j is a biholomorphism of Di onto D2. □ 
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